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We investigate the effects of four-fermion interactions on the phase diagram of strongly inter- 

r- ! 
r~ 'i acting theories for any representation as function of the number of colors and flavors. We show 

that the conformal window, for any representation, shrinks with respect to the case in which the 

four-fermion interactions are neglected. The anomalous dimension of the mass increases beyond 

the unity value at the lower boundary of the new conformal window. We plot the new phase 

diagram which can be used, together with the information about the anomalous dimension, to 

o 

propose ideal models of walking technicolor. We discover that when the extended technicolor 
sector, responsible for giving masses to the standard model fermions, is sufficiently strongly cou- 

•i-H 

pled the technicolor theory, in isolation, must have an infrared fixed point for the full model to be 
phenomenologically viable. Using the new phase diagram we show that the simplest one family 
and minimal walking technicolor models are the archetypes of models of dynamical electroweak 
symmetry breaking. Our predictions can be verified via first principle lattice simulations. 
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I. INTRODUCTION 

Models of dynamical breaking of the electro weak symmetry [UHl are theoretically ap- 
pealing and constitute one of the best motivated extensions of the standard model (SM). 
We have proposed several models [|3l-iTT| possessing interesting dynamics relevant for 
collider phenomenology | |T2] - |T5| and cosmology |[T0lH6l - l36| | |125| [. The structure of one of 
these models, known as Minimal Walking Technicolor, has even led to the construction 
of a new supersymmetric extension of the SM featuring the maximal amount of super- 
symmetry in four dimension with a clear connection to string theory, i.e. Minimal Super 
Conformal Technicolor II37II . These models are also being investigated via first principle 



lattice simulations ||38l - l55| ||126|| . An up-to-date review is Ref. ||56H while an excellent 
review updated till 2003 is Ref. E7I . 

These are also among the most challenging models to work with since they require 
deep knowledge of gauge dynamics in a regime where perturbation theory fails. In par- 
ticular, it is of utmost importance to gain information on the nonperturbative dynamics 
of non-abelian four dimensional gauge theories. The phase diagram of SU(N) gauge 
theories as functions of number of flavors, colors and matter representation has been 
investigated in |[3l I58l - |6T| . The analytical tools which have been used here for such an 
exploration were: i) The conjectured physical all orders beta function for nonsupersym- 
metric gauge theories with fermionic matter in arbitrary representations of the gauge 
group II60II ; ii) The truncated Schwinger-Dyson equation (SD) ||62l - |64l (referred also as the 
ladder approximation in the literature); The Appelquist-Cohen-Schmaltz (ACS) conjec- 
ture [65] which makes use of the counting of the thermal degrees of freedom at high and 
low temperature. However several very interesting and competing analytic approaches 
il66ti77|| have been proposed in the literature. What is interesting is that despite the very 
different starting points the various methods agree qualitatively on the main features of 
the various conformal windows summarized in [56 J. 

Here we would like to reconsider the conformal window obtained using the SD results 
by adding the effects of four-fermion interactions. The resulting model is the time- 
honored gauged NJL model Il78ll79ll generalized to different matter representations. The 
main reason for such an investigation is that these type of interactions naturally arise, 
as effective operators, at the electroweak scale when augmenting the technicolor model 



with Extended Technicolor Interactions (ETC) H801I8TI . These interactions are needed to 
endow the standard model fermions with a mass when taking the point of view that no 
fundamental scalars exist in nature. In Refs. ||82] - I86ll the reader will find more details about 
recent progress about the ETC models while in [|56l l72| will find the phase diagram of 
phenomenologically relevant chiral gauge theories which is known to play an important 
role for the construction of the ETC models. 

We first introduce and briefly review what is known about the gauged NJL model. We 
then generalize it to the case of any representation of the underlying gauge group and 
then investigate the effects of four-fermion interactions on the phase diagram of strongly 
interacting theories as function of the number of colors and flavors. We show that the 
conformal window, for any representation, shrinks with respect to the case in which the 
four-fermion interactions are not considered. We also see that along the lower boundary 
of the new conformal window the anomalous dimension of the fermion mass is larger 
than one. 

We plot the new phase diagram and then use it, together with the information about the 
anomalous dimension, to suggest ideal models of (near conformal) walking technicolor. 
Moreover, we find that when the ETC sector is sufficiently strongly coupled the technicolor 
theory, in isolation, must have developed an infrared fixed point for the full model 
to be near conformal, i.e. walking. Interestingly, earlier models of one family and 
minimal walking technicolor constitute ideal extensions of the standard model of particle 
interactions. The new conformal windows, for a generic number of flavors, colors and 
matter representation, can be tested via first principle lattice simulations. 

II. GAUGED NJL MODEL: A BRIEF REVIEW. 

Let's consider an SU(N) gauge theory in which we add four-fermion interactions. 
This model is known as the gauged NJL model and we follow here the nice review by 
Yamawaki [87J. The Lagrangian reads: 

r 1 n2_1 

Here D is the standard covariant derivative for the SU(N) gauge theory acting on Nf Dirac 
fermions in the representation r of the gauge group and d [r] is its dimension. G is the four- 



fermion coupling. It is convenient to introduce a dimensionless coupling g = GA 2 /(47i 2 ) 
with A the cut-off energy scale up to which the gauged NJL model is defined. Using the 
ladder/rainbow Schwinger-Dyson equation (SD) one arrives at the diagram of Figjllin the 
(a, g) plane. Below the solid line chiral symmetry is intact whilst above it chiral symmetry 
is spontaneously broken (SjSB ). We recall that the value of a° ait = n/(3C2(r)) is the critical 
one for an SU(N) gauge theory without the four-fermion interactions. 
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FIG. 1: NIL model critical line in the (a, g) plane. It is assumed to separate the chiral spontaneously 
broken (S^SB ) phase, which is the region above the line, from the unbroken one (Sym.).(8Zl 



III. THE PHASE DIAGRAM INCLUDING FOUR-FERMION INTERACTIONS 



Any technicolor model must feature another sector enabling the standard model 
fermions to acquire a mass term. The simplest models of this type lead to the addi- 
tion to the technicolor sector, at low energies, of four-fermion interaction. We will show 
that the net effect is a modification of the conformal window lower boundary. We will 
find the relevant result that the presence of four-fermion interactions, de facto, reduces 
the conformal window area. This fact has an important impact on technicolor extensions 
of the standard model featuring a traditional ETC sector. Our results show that it is 
important to study lattice gauge theories including also the effects of the four-fermion 
interactions. 

To determine the effects of the inclusion of the new operator on the conformal window 
we start with recalling that the analytical expression for the critical line in the (a, g)-plane, 



shown in FiglTJ is given by 
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For our purposes it is more convenient to think about fixing g on the critical line with < 
a < a° rit . This leads to an associated new critical gauge coupling, which is a monotonically 
decreasing function of g on this line, with its maximum value a it : 

acrit(gcrit) = «crit X 4 ( Vfr* ~ gait) ^T - < g crii < 1 . (3) 

More generally inverting §2§ we obtain the critical gauge coupling constant for the gauged 
NJL model 
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We dropped the subscript crit for g. To make contact with the number of flavors, colors 
and matter representation we compare the critical coupling in Eq.Q with the zero of 
the full beta function of the underlying gauge theory We use the universal two-loop 
beta function for an SU(N) gauge theory with Nf flavors transforming according to the 
r-representation and given by B90ll9T| 



where 
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with C(r) and C2(r) the Casimirs for the r-representation. We have chosen this approxima- 
tion of the beta function to make direct contact with the traditional approach presented 
inflSa. 

The asymptotically free condition is: 
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In addition a zero of this beta function appears when Nr satisfies 
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and the associated value of the coupling at the zero reads 

a*(N,N f ) = — 

c 

UN - 4N f C(r) 

= -4tz ——^ (9) 

34N 2 - 2N f C(r) [ION + 6C 2 (r)] y ' 

To estimate the critical number of flavors NT*, for any color and fixed g in the range 
1/4 < g < 1 , we compare a*(N,Nf) with a CI i t (g) 

a»(N,Nf t ) = aUg), (10) 

which yields: 

34N(Vg-g) + 33C 2 (r) N 



In the range < g < 1/4, iV; nt we obtain instead: 
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which is the value estimated in ||58H when the four-fermion interaction is neglected. 

The general result, as announced at the beginning of this section, is that the area of 
the conformal window substantially reduces compared to the case of the gauge theory 
alone. To better elucidate this point we plot N™ 1 ' as function of the coupling g for: i) 
the fundamental representation in Fig 15] (the first plot from the left corresponds to SU(2), 
the middle one to SU(3) and the one on the right to SLT(4)); ii) the two index symmetric 
representation is shown in Fig. [3] (the left plot corresponds to SU(3) and the other to 
Sfi(4)); iii) finally in Fig. |4]the first plot from the left corresponds to SU(2) with matter 
in the adjoint representation while the other one to two index antisymmetric for SLT(4). 
The upper solid lines for all these figures corresponds to the loss of asymptotic freedom 
encoded in N\; the dotted lines correspond to when the two-loops beta function no longer 
supports a zero and it is encoded in N 1 }; the lower solid lines is the SD result for NY 1 ' given 
in Eq.(|i~2]) when neglecting the four-fermion interactions and finally the dashed curve is 



M nt (N,g) given in Eq.(ll I for the gauged NJL model. 
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FIG. 2: Effect of the four-fermion interactions on the lower bound of the conformal window of 
SU(N) gauge theories with Dirac fermions transforming according to the fundamental represen- 
tation : From left to right these figures correspond to N - 2, 3, 4. 
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FIG. 3: Effect of the four-fermion interactions on the lower bound of the conformal window of 
SU(N) gauge theories with Dirac fermions transforming according to the two index symmetric 
representation: From left to right these figures correspond to N = 3, 4. 



IV. LARGE ANOMALOUS DIMENSIONS 

The occurrence of large anomalous dimensions of the fermion mass operator y m in 
technicolor theories is important to decouple possibly dangerous flavor violation opera- 
tors from the ones responsible for generating the quark masses II921494I , in particular the 
top. This statement is valid only for certain extensions of the technicolor sector featur- 
ing four-fermion interactions at low energy. One can now ask what is the net effect of 
the four-fermion interactions on the anomalous dimension of the mass. This has been 
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FIG. 4: Effect of the four-fermion interactions on the lower bound of the conformal window 
of SU(N) gauge theories with Dirac fermions transforming according to the adjoint and two 
index anti-symmetric representation: From left to right these figures correspond to the adjoint for 
N = 2, • • • and two index anti-symetric for N = 4. 



estimated some time ago (see [87] for a review) and for < a < a® reads [95 



Ymig) = 1 — co + 2w where co— 1 



a 



<crit 



a 



(13) 



crit 



which is valid both in the broken and unbroken phase. The anomalous dimension along 
the critical line (g = g a a with 1/4 < g < 1 ) is 



y m (g = gait) = 1 + 0). 



(14) 



This means that on this line the anomalous dimension is always larger than unity and 
reaches two for g = 1. The dependence on (N,Nf) is estimated using for a in co its value 
at the zero of the two-loop beta function, i.e. a*(N,Nf), we then have: 



y n (N,N f ) = l + Q)(N,N f ), 
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Having expressed y m as function of the number of flavors, colors and matter representa- 
tion, at the critical value of g, we plot it in Figs. 5]6 and[7l for different phenomenologically 



relevant models. For the fundamental representation and N = 2, N = 3 and N = 4 we 
show y m (N, Nf) along the critical line in Fig. [5] For the two index symmetric representation 
with N = 3,4 we plot y m (N, Nf) in Fig. [6j For the adjoint of SU(2), left panel, and the two 
index anti-symmetric of SIT(4), right panel, in Fig. [7]. In these figures, the straight dashed 
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line is N f Tli from equation Eq.(12l, where the four-fermion interactions are switched off; 



the solid curve is y m (N,Nf) estimated at the critical value of g as function of number of 
flavors for given representation and number of colors. 
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FIG. 5: Effect of the four-fermion interactions on the anomalous dimension on the critical line 
for an SU(N) gauge theories with Dirac fermions transforming according to the two fundamental 
representation: From left to right these figures correspond to N = 2, 3, 4. 
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FIG. 6: Effect of the four-fermion interactions on the anomalous dimension on the critical line for 
an SU(N) gauge theories with Dirac fermions transforming according to the two index symmetric 
representation: From left to right these figures correspond to N = 3, 4. 
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FIG. 7: Effect of the four-fermion interactions on the anomalous dimension on the critical line 
for an SU(N) gauge theories with Dirac fermions transforming according to the adjoint and two 
index anti-symmetric representation: From left to right these figures correspond to the adjoint 
representation for N — 2 and th two index anti-symmetric one for N = 4. 

For each given representation, the anomalous dimension increases monotonously from 
one to two. The unity value is achieved at the critical number of flavors of the gauge 
theory without four-fermion interactions. Note also that when the anomalous dimension 
increases this corresponds also to an increase of the critical coupling g and consequentially 
at the increase of the critical number of flavors needed to enter the conformal phase. 

V. THE MODIFIED DIAGRAM 

It is instructive to plot, see left panel of Figj8l the new phase diagram for a given value 
of the critical coupling g and matter representation, and then compare it with the one, 
shown in the right panel, first derived for the two indices representations in [3] and then 
generalized in [58j. For consistency both diagrams are obtained using the SD method. 
However we have shown that the all-order beta function B60l reproduces, within the 
uncertainties, the SD result in absence of the four-fermion interactions. We choose, for 
phenomenological reasons which will become clearer later, the value of g - 0.75 for which 
the anomalous dimension is close to two. In the left and right panel of Figj8]we show the 
phase diagram for the fundamental representation, in black and the upper most window, 
the two index antisymmetric in blue and the second from the top window, the two index 
symmetric window is in red and it is the third from the top one, finally in green (straight 
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window) we show the case of the adjoint representation. Above the top most solid line, 
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FIG. 8: Phase diagram for SU(N) gauge theories with (left panel) and without (right panel) four- 
fermion interactions with Dirac fermions transforming according to different representations of 
the gauge group. From top to bottom we plot the conformal window for theories with fermions 
transforming according to the: i) fundamental representation (grey), ii) two-index antisymmetric 
(blue), iii) two-index symmetric (red), iv) adjoint representation (green) as a function of the number 
of flavors and the number of colors. The shaded areas depict the corresponding conformal 
windows. The upper solid curve represents loss of asymptotic freedom the lower solid curve 
indicates when the zero in the two-loops beta function disappear, and finally above the dashed 
line, corresponding to N*; nt [r,g] chiral symmetry restores. We have chosen g = 0.75 for all the 
dashed lines in the left panel. The right panel is obtained imposing g — and it is identical to the 
one obtained in |3ll58|. 

for each representation, the gauge theory looses asymptotic freedom; below the bottom 
solid line the two-loop beta function does no longer support a zero. In between the 
top solid line and the dashed line we expect the underlying theory to reach a conformal 
infrared fixed point. The dashed line in the left panel corresponds to g = 0.75 while for 
the right panel g = 0. The right panel corresponds to the diagram unveiled in 11311551. 

It is clear that the conformal window shrinks implying that, in general, in presence 
of four-fermion interactions one looses conformality, for a given number of colors and 
representation, for a higher number of flavors. Interestingly the anomalous dimension 
increases as well. 

The inclusion of four-fermion interactions will also modify the phase diagram for 
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orthogonal and symplectic gauge theories presented first, using a variety of field analytical 
methods, in ||96| . We expect a sizable shrinking of the conformal window in this case too 
with relevant implications for models of orthogonal technicolor [10]. Since the phase 
diagram modifies dramatically it would be very interesting also to analyze the effects of 
the possible gauge-dual theories emerging when looking at the solutions of the 't Hooft 
anomaly conditions within the conformal window Il97ll98l . 

VI. IDEAL WALKING MODELS (IWM) 

Combining the information of the novel phase diagram together with the knowledge 
of the anomalous dimension we investigate ideal models of dynamical electroweak sym- 
metry breaking featuring ETC type interactions. Of course, we are using the SD method, 
and hence the results should be taken cum grano salis, however our methodology is di- 
rectly applicable to any other way to determine the conformal window of generic gauge 
theories with four-fermion interactions. 

We recall some basic features needed for the construction of viable models of dynamical 
electroweak symmetry breaking featuring traditional type of ETC interactions. 

• Non QCD-like dynamics to reduce the contribution to electroweak precision mea- 
surements. For example, walking dynamics is expected to reduce the effects of the 
S parameter [|99flT04ll. 

• If four-fermion interactions arise due to the presence of the ETC interactions than 
in order to endow the top quark with the appropriate mass whilst simultaneously 
reducing potentially dangerous flavor changing neutral currents the anomalous 
dimension of the techniquarks must be larger than one. 

We now scan the new phase diagram, shown in the left panel of Fig. |8l in search of 
ideal extensions of the standard model. It is useful to recall the expressions for the naive 
S-parameter and the top mass: 

S naiv e=^[r], m ^ = A^Uc~) {TT)tC = A^N^mUc") < TT >^-(17) 

Here Arc — ^tiFjc with Ftc of the order of the electroweak condensate, i.e. around 
250 GeV. Of course the precise value of F n depends on the specific technicolor model 

13 



and electroweak embedding. Aetc is the energy scale at which the ETC interactions 
generate the four-fermion operator and A is the gauged NJL scale which we naturally 
identify with A Erc . g ETC is the gauge coupling of the underlying ETC interactions. The 
anomalous dimension is estimated, for the given number of flavors and colors, near the 
fixed point. We expect the naive S-parameter to be an overestimate of the actual value for 
near walking models [99-104] and hence it is a reasonable diagnostic when searching for 



models of dynamical electroweak symmetry breaking. We deduce: 

47I 2 

&* = g Njm ■ (18) 

From the study of the gauged NJL we find that the four-fermion interactions derived from 
a generic ETC model play a fundamental role on the technicolor dynamics when: 

7I 2 47I 2 

Njd\r\ < ^ TC < Njd\r\ " (19) 

Given that the extended technicolor interactions are also strongly coupled gauge theories 
we expect that, in general, it is not possible to decouple their effects on the technicolor 
dynamics. If, however, the ETC dynamics is less restrictive, i.e. permits for example, a 
supersymmetric extension or new scalars, then the analysis above drastically modifies 
1371. 



A. Fundamental Representation: Ideal one family walking model 

The one family walking technicolor model requires the existence of, at least, a new 
standard model family, including a new neutrino right, to be gauged under the technicolor 
interactions. This means that we have a minimum of four doublets of technifermions 
transforming according to a given representation of the technicolor sector. From the point 
of view of the technicolor theory one needs eight flavors. In order not to loose asymptotic 
freedom one is forced to consider these flavors to transform according to the fundamental 
representation of the underlying gauge group. 

To reduce the S-parameter one chooses the lowest possible number of colors, which for 
an SU(N) technicolor gauge theory, is N = 2 yielding S na ive = 4/371. This value is several 
standard deviations away from the experimental limits. This model has been considered 



in H1051 and the low energy effective theory featuring the presence of composite massive 
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spin one resonances and topological terms was introduced in HlOOUlOll . According to 
several analytic estimates of the conformal window, when the four-fermion interactions 
are absent, the theory is conformal in the infrared and hence the S parameter vanishes 



exactly and chiral symmetry does not break. In [105] the authors argue that ordinary 
strong interactions alone could be sufficient to eliminate the possible infrared fixed point. 
Below we argue that ETC interactions should be taken into account as well. 

In fact, the situation changes dramatically if the ETC interactions are arranged in such 
a way that the effective coupling is around g - 0.75. In this case the critical number of 
flavors rises to 8.89 flavors while the anomalous dimension reaches the value of y m - 1.73 
which is large enough to endow the top quark with the physical mass. Remains to be seen 
if the corrections to the S-parameter, which now should also include the effects of the four- 
fermion interactions, can offset partially or completely the naive large value estimated 
above. Nevertheless, we have shown that the effects of the four-fermion interactions 
strongly enhance the phenomenological viability of this interesting model. 

B. Higher Representations: Ideal minimal walking 

These models were conceived to minimize the corrections to the electroweak parame- 
ters while still being near conformal [3 J. See for recent reviews [56 J. 

The simplest Minimal Walking model consists of an SU(2) gauge theory with two Dirac 
fermions transforming according to the adjoint representation of the underlying gauge 
group. We note that this can be also seen as an SO(3) technicolor model, with fermions 
transforming according to the vector representation. In this case it is straightforward to 
construct ETC extensions of the model 111061 . The investigation of ETC models for theories 
with fermions transforming according to higher dimensional representations were also 
investigated in [1071 . We have shown (6J 1108] that this model satisfies the electroweak 



constraints because the positive value of the S parameter from the technicolor sector 
is already much smaller than in the older models and moreover there is a calculable 
sector constituted by a new lepton doublet (naturally needed to avoid the Witten global 
anomaly) whose mass spectrum can be arranged to zero this positive contribution. A 



general effective low energy Lagrangian for this model was presented in |1081 and the 
first consistent investigations for collider phenomenology appeared in |[T3|. 
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According to SD this model is on the verge of developing an infrared fixed point 
while according to the all-order beta function has already developed an infrared fixed 
point Il60ll and the associated anomalous dimension is y m = 0.75. Preliminary lattice results 
p8H55lll09H1151 seem to be consistent with these expectations. We note that, on the lattice 



it is hard to differentiate a true fixed point from an extreme walking regime. Nevertheless, 
as it is the case for the fundamental representation, the situation changes dramatically 
if the ETC interactions are arranged in such a way that the effective coupling is around 
g - 0.75. In this case the critical number of flavors rises to around 2.35 flavors while the 
anomalous dimension is y m - 1.73 which is very large and, hence, even better suited to 
endow the top quark with the physical mass while suppressing flavor changing neutral 
currents. Differently from the previous case the S was not a problem already at the naive 
level. A similar analysis can be made for the next to minimal walking technicolor model 
in which a doublet of technifermions transform according to the two-index symmetric 
representation of the SU(3) technicolor sector. We have, hence, shown that by adding 
four-fermion interactions, natural in any ETC model, Minimal Walking models became 
ideal models of dynamical electroweak symmetry breaking. 

VII. CONCLUSIONS 

We investigated the effects of the presence of four-fermion interactions on the conf ormal 
window of gauge theories with fermions transforming according to a given representation 
of the gauge group. Using the knowledge of the phase diagram of the gauged NJL model 
we estimated the conformal window again and have shown that it shrinks whilst the 
anomalous dimension can reach along the lower boundary values which are close to two. 

We discovered that the effects of a strongly coupled ETC sector on technicolor models 
are welcome and can help healing their problem of the generation of the correct top mass 
whilst eliminating the tension with flavor changing neutral currents. However, in order to 
be phenomenologically viable, we should consider models in which the ETC interaction 
does not commute with the electroweak symmetries 111161 1117| in such a way to be able 
to give different masses to the top and bottom interactions along the way investigated 
in [106] for Minimal Walking models. Models of top-color assisted technicolor are also 



expected to impact in a similar way on the conformal window analyzed here | )118| . The 
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details of our results will change but, due to the fact, that one will still have f our-fermion 
interactions arising at low energy we expect a similar impact on the conformal window 
of the associated technicolor theory. 

In the future we would like to explore also the effects on the dynamics and on the 
conformal window due to the introducing of an explicit mass term for the fermions 
1 119111201 and the ones of the instantons H119B . The impact on our all-orders beta function 



60j and the one modified to take into account the explicit dependence on the mass of 
the fermions ||121|| would also be interesting to explore. 

First principle lattice simulations can test the new conformal window following the 
numerical analysis pioneered in [1221 - 11241 



We have shown that the conformal window unveiled here is important for the construc- 
tion of interesting and more phenomenologically viable models of dynamical electroweak 
symmetry breaking featuring a strongly coupled ETC sector. 
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